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The codficient of restitution (COR) for a solid object such as abasebdl, colliding
with a pefectly rigid wall can bedefined as theratio of the outgoing speed to the
incoming speed. When a hardened steel bdl bearing collides with alarge hardened steel
plate, the collisonhas a COR of closeto one On theother extreme, when afoam
(Nerf@ ) bdl collides with the same plate, the collision has a COR of nearly zero. It
seemsto be geneally the case tha flexible objects more often suffer low COR collisions
while rigid objects are more likely to undergo higher COR collisions Theintent hereis
to explain this behavior with a mass/spring system modd.

COR and Elagic Collisons

The COR isrelated to the convasion of theinitial kinetic energy into internd
energy duringthecollision. For thebasebdl collison described above the COR would
beoneif dl theinitia kingic energy were conserved and appeared as the kinetic energy
of theoutgoing bdl. You could imaginethe COR dropping as some parameter of thebdl
isvaried and thecollisonrepested. Asthe COR decreases toward zero, agreater and
greater fraction of theinitial kingtic energy is converted to internd energy in thebdl. So,
the COR is onefor elastic collisonsand less than onefor indastic collisons

Webger@' defines the elastic to mean, Geasily stretched or expanded,Owhile
synonyns such as OnflexibleOand QunyieldingCGare given for indastic. It is quiteironic
tha elastic objects tend to experience indastic collisonsand indastic objects are more
likely to undego elastic collisons Infact, it is possible tha this disparity between
common languaye and technical jargonis a source of confuson for our students.

Thegod of thisdiscussionisto undestand conceptudly why easily deformed
objects tend to have indastic collisonswhile inflexible objects tend to have more elastic
collisonsugngtheleast complex modd of asolid as possible.

A Very Simple Model of a Solid

Modding a solid as a collection of masses and springscan have pedagogic
bendfits as students have a sense, perhgpsfrom chamical modds, tha solidsare
composed of atoms (masses) hdd in place by electromagnetic forces (springy. Ganiel?
actudly describes alecture demondration usng acart carrying masses and springsthat
illugrates where the GnissingCkinetic energy goesin an indastic collision. Zou?
improved the design of thecart and shared a series of guided-inquiry learning activities



for thar use. Other authors have attempted to undestand the trander of mechanical
energy into internd energy usng mass and spring modds*®,

Reduang the mass and spring modd as far k
as possible leaves two masses, m, connected by a
spring of spring condant, k, as shown in Figure 1.

Themasses are infinitely rigid and have no

interna structure, so they can®possess any Figure 1: The colliding object
internd energy. Theinternd energy in this is represented by two equd
system isin thevibrationsof the spring. masses, m, connested by a

spring of spring condant, k.

Figure 2 illugrates the collision of our
object with a perfectly rigid wall, onetha doesn®absorb any internd energy. The
incoming speed of theobject isv,. Both massesinitially moveat this speed so theonly
energy in theobiject isthekingic energy of these masses. Thetotal energy of the system
is,

K,=imv2+imv?=mv?. (1)
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Figure 2: Thecollison of the object with a
perfectly rigid wall.

After thecollision, themass tha collides with thewall has a speed v, andthe
other mass has aspeed v,. Now, the speed of the center of massis v =2 (v, +v,) andthe
kinetic energy of the center of massis,

K =3@mVv? =3m(v, +V,)* )
Thiskinetic energy of the center of mass is equivalent to the macroscopic kinetic energy
of theobject. Theremainde of theenergy goesinto theinternd energy assodated with
the ocillationsof the mass/spring system,

U, =mv, —im(v, +v,)%. (3)

This energy is equivaent macroscopically to theinternd thermal energy of the object. If
the macroscopic kinetic energy is conserved, then the collision is macroscopically elastic.
That is,



U,=0" elasticcollison 4)
U, >0" indagtic collision.

The COR of thecollisonistheratio of thecenter of mass velodty after the
collisionto the center of mass velodty before,
COR=Yont = (4 *Vs) Wi+, (5)
ch,i %(Vo + Vo) 2V
The COR can berelated directly to thekinetic energies,

LS
COR—J;:. (6)

Theefore, the COR isonefor elastic collisonsand as the COR gets smaller, more and
more of theinitia kinetic energy is convated to the internd energy in the spring/mass
system resultingin a COR less than one For theremainde of this discussion we will
focusonthe COR keepingin mindthat it is a surrogate for theenergy tranderred to
internd energy.
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In our very simple modd of a . collison
solid, theonly available parameter to i
vary isthespringcondant. A smple v, ! v,
thoughtis tha avery large spring — | <=
condant modds avery rigid object, ' after first b
while avery small spring congant . collison
modds avery flexible object. We can !
then look for variationsin the COR v=0 | v=0
dueto therigidity of thesimple solid. | _
The mass/spring system headstoward @KM@ gprgr;gézs?;nsp;ﬁésgd c
thewall as shown in Figure 3a When !
the mass first collides with thewall, it Y i Y
ingantaneoudy reverses direction and < ' i —>
keepsthe same velodaty, since nather ; before second
thewall northe mass can absorb any collison d
internd energy. i
VO i VO
Now the two masses are — i —
heading toward each other at thesame ! after second
speed with the uncompressed spring collison €
between them asin Figure 3b. Notice |L| C|:'n
tha the mass/spring system has no
fneggso;?ﬁg\?v?tmhioon bath Figure 3:_Two collisions_of_ themass/spring
compressed spring between them asin system with a perfectly _rlgld_ wall. Notetha
Figure 3¢. Themasses now reverse t_he center of_ mass remai nsfl_xed fromthe
direction and begin to speed up. Al time of the_fl_rst collisonuntl theend of the
' secondcollision.




thewhile, the center of mass has notmoved. When themassisjug aboutto strike the
wall agan, it istraveling at the same speed it had before thefirst collison. Meanwhile
the other mass has the same speed as before, but has reversed direction as shown in
Figure 3d. Thespringisnowunoompressed. Themass collides with thewall and
reverses direction agan. Now, both masses are headed away fromthewall with the same
speed as they arrived and thespring is uncompressed between them asin Figure 3e

The COR for this collison appears to be zero after thefirst boune off thewall
because the center of mass of thesystem in Figures 3b, 3¢, and 3dis at rest and all of the
energy isin theinternd motion of the mass/spring system. However, after the second
boune, the COR isoneandthecollisonis elastic regardless of the spring congant. Our
nave ideatherigidity of an object can be modded by varying theinternd spring condant
seems dooned’. However, theimpulse exerted by thewall on thefirst mass during the
collisonis actudly far more complex than theingantaneousimpulse we have assumed.
The Qlevil isin the detail sOof the collision which can be modded usng the speed of
compressiond waves that travel alongthe spring. Roura® presents a very clean conoeptud
discussion of thisissue

Toward a Better Model

A way to smplify theintricacies of thecollisonwith thewall isto jusd us a
second spring to modeate it. Cross’ applies this modd to explain the famousbasketbal
andtennis bdl demo. In ouwr case, two equd masses, m, joined by an internd spring of
spring condant, k, collidewith asolid massivewall. Thecollisonis mediated by a
secondexternd spring of spring condant, ! k, which can only exert forcesin compression
and notin extenson. The springsboth have the same natural length, a, as shown in
Figure 4. Largevaluesof ! modd asolid with weak springsor onetha isfairly flexible,
while small valuesof ! suggest a solid with stronginternd springsor onethat israther
rigid.
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Figure 4: Two equd masses, m, joined by a spring of spring condant, k, and naural
length, a, collidewith asolid massive wall. Thecollisonis mediated by a second spring
of spring condant, ! k.

Thegod isto follow the motion of the system untl it stopsinteracting with the
wall (x, >a). Thenfindthe center of mass speed of the system to calculate the COR for
thecollison. Writing Newton@ SecondL aw for each masswhen x, < a,
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The SecondLaw equdionsbecome,

u +#,$u,=0anduy +u, +u,=0. (14)
When the system is notinteracting with thewall (x, > a), the SecondLaw equdionsare
thesame except! = 0. Equaions? and 8 are subject to theinitial conditions
x(0)=a, x,(0)=2a, 4(0)="v,, and x,(0)=-v,, (15)
which means
w(0)=0, u,(0)=0, y(0)=c, and u,(0) =0, (16)
where,

(N iy (17)
ka
Y ou can solve these equéionsby the method of normal modes' if you are
enamored with elegance, closed form solutions and advanced mathematics. If youare
less skilled and willing to tolerate numerical roundoff errors, you can use a spreadshest.

| naturally chos thelater.

By varyingthevalueof !, youcan gofrom avery gentle collison with a stout
internd spring (small ! ) to avery abruptcollison (large! ) with a soft internd spring.
Thedatafrom thecalculationsare summarized in Table 1. The secondcolumn isthe
COR after thefirst boune. For large! , the COR issmall after thefirst boune, exactly
as described earlier for the mass/spring system striking therigid wall. After oneboune,
al theenergy isin theinternd motion of the mass/spring system asin Figures 3b, ¢, and
d. Thesecondcolumnisthe COR after the secondboune@. Forlarge! , the COR isone
after the secondboune, in agreement with theearlier andysis of Figure 3e. Themotion
of each massasafundionof timefor! = 10isshownin Figure 5. Notice tha thereis
very little otillatory motion as the mass/spring system leaves thewall congstent with a
COR nesar one

For small ! the COR is also equal to one. The case of ! =0.1isaso shownin
Figure 5. Notice agan thereis amog no oscillatory motion as the mass/spring system



exits. However, for intermediate values of ! the COR
isnoticeably lessthan one In Figure5 thegraph for

I =2 shown illugrating a modest amountof oscillatory
motion after theinteraction with thewall because the
COR has now droppeal bdow one
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Figure6: CORvs. ! for thetwo mass and
spring system.

! COR1 | COR2 | COR
100 | 0.005 | 1.000 | 1.000
50 | 0.010 | 1.000 | 1.000
20 |1 0.025 ] 0.997 | 0.997
10| 0.052 [ 0.990 | 0.990
5.0 1 0.119 | 0.965 | 0.965
4.510.138 | 0.957 | 0.957
4.1 0.159 | 0.948 | 0.948
4.0 | 0.165 | 0.945 | 0.945
3.9 10.173 ] 0.941 | 0.941
3.8 0.936 0.936
3.0 0.896 0.896
2.410.878 0.878
2.210.877 0.877
2.0 0.882 0.882
1.0 0.974 0.974
0.5 0.997 0.997
0.2 ] 0.999 0.999
0.1 ] 0.999 0.999

Table1l: TheCOR asa
fundionof ! after each
boune® and total.
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Figure 5: Pogtion vs. time graphsfor each mass. Thebluelinetracks the mass tha
interacts with thewall viatheexternd spring while thered linefollows the motion of
theothe mass. Theharizontd lineisat x = awhere theexternd spring stopsacting on

the mass/spring system.

A graphof COR vs.! isthesubject of Figure 6. While the COR is onefor both
largeand small values of ! , it dropsat intermediate values with aminimum around! = 2.
Once agan our smple ideatha therigidity of an object can be modded by varyingthe

internd spring condant appears to be thwarted.

Theshagpe of Figure 6 suggests tha we are looking at aresonance phenomenon.
Theinternd spring has anatural ocillation asilludrated in Figures 3b, ¢, andd. Since




thecm isfixed, thefrequency will bethe same as tha of asingle mass oscillatingona
spring of hdf thelength and therefore, twice the spring congant so,
" = (18)
Theexternd spring, which has a spring condant of ! k is acting onthe system
which has amass of 2m. It has anaural frequency of,

SENEY (19)

Themod energy will becoupled into theinternd springwhen itisdriven at its
naural frequency by the externd spring,

"= X = $=4 (20)

Of course, youwill immediately notice that theminimum s actudly closer to ! =2
than ! =4. Looking at thegraphsin Figure 5, youwill see tha it isonly for low values of
I tha themotion of theexternd springis close to ssimple harmonic. For highe values of
I themotionis more complex and therefore so is theforce exerted by the externd spring
on the mass/spring system. The mass/spring system could betreated as a forced
harmonic oscillator.

The Forced Harmonic Oscillator

To treat the mass/spring system as a forced ocillator |et@ go back to the Second
Law equaionsand replace the externd spring with atime dependent force,

md X =F " Ka" (" %] (21)
d’x, _ .\ .
m e =+k[a" (x," x)]. (22)

It isnow appropriate to switch to dimengonless variables that represent the center of
mass motion and theinternd separation of the masses,

Vem" 255 =0 Vo " 1H(#2) =185 and " # [ (23)
The SecondLaw equdionsbecome,

Yomt 3Yra = T(#A$ Y, and (24)
Yem#3 Vet = Yeels (25)
where,
f(") #LF(1). (26)
Taking the sum and difference,
Yem =73 f(#) and (27)
Y + 2Yre = T (A). (28)

Equaion 27is smply a statement that theforce exerted by thewall, f ("), divided
by thetotal mass, 2, isequd to the acceleration of the center of mass. Newtonwould be
pleased. Equaion 28istheequaion for theforced ocillation of our ostillator, which has

anaura frequency of 2, condstent with Equaion 18. Theenergy absorbed by the
mass/spring system during the collison will appear as otcillationsat thisfrequency in the
center of mass frame.

Thesolution to thetraditiond forced oscillator problem™ is,



C o
yrel = 0/0,, 2 . € n$’ (29)

2 g2
n int n
where the Fourier component of f (") isgiven by,
c, =y & e apand " =20 (30)
Thisis getingfar too complicated far too quickly, however, we do have aforced
harmonic ocillator. It isjud tha theforcing fundion has frequency components at
many different frequendes and theamplitudes of these components are not as obviousas
we had hopal when we developed Equaion 20, which assumed aforcing fundion at only
onefrequency.

Putting togeher Equdions?, 21, and 26,

F(t) =kaf(") = #k(a$ ) % f(")=#1$%). (31)
Theforcing fundion doesn®jus depend upontheexternd spring (! ), butalso onthe
postion of thecolliding mass. Dueto the coupled naure of the equaionsof motion, the
postion of the colliding mass dependsupontheinternd spring aswell astheexternd
spring. Our two mass/onespring system has only onenaural frequency. Since the
forcing fundionisacomposed of acollection of frequendes, if we allow our system to
have more naural resonances, something interesting is boundto happen.

More Massesand Springs

We can create more naura resonances, if we add more masses and springsto our
system. So, let thefunbegin! Each time we add a spring and amass to theright hand
sidewe add another coupled equdionto theequaionsof motion. This creates an
additiond naural frequency, which could befoundusng the method of normal modes,
and increases the complexity of theforcing fundion. Since we dor® actudly need the
nomal modefrequendes anyway (we jus need to undestand that they exist) and we
have been able to use a spreadsheet to this point, 1et@ just add more columnsand madly
calculate. Theresult istheCOR versus! curve shown in Figure 7.

Each added naural frequency allows the mass/spring system to absorb more
internd energy because of the added naural frequency. In thethree mass system you can
begin to see tha the COR for high! is not longer tending toward one. By the time you
get to four masses, the strongly suggestive single resonance shape of the two mass system
is entirely gone. At last, we begin to see the general trend we have longed for, rigid low
I objects tending to have higher COR’s than flexible high ! objects.
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Figure 7: COR versusb for 2 masses (blue), 3 masses (red), 4 masses (yellow), and 5
masses (green).

Higher Octaves

In asense, we have shown that an object in acollisonislike a sophisticated bell,
abdl tha can produe many distinct tones, onefor each naural resonance frequency.
Theexternd springthat excitesthetonesisrealy thebdl itself. Duringthecollison,the
object is deformed™. This deformation causes compressionsin itsinternd springs As
thecollison proceeds theinternd springscan transmit energy to other internd springsif
thenaural frequendes match the excitation frequency reasonably well.

The chances of agoodmatch depend uponthe spacing of thenaural frequendes.
Thecloser they aretogeher the better the chances of excitation. The spacing of the
natural frequendes dependsuponthe stiffness of the object. Asabasic example, recall*®
thenaural ostillationsof astring of length L. They are assodated with wavelengths of,

" =& wheen=1,2,3,E (32)
Thenaural frequendes are,
ny

,
- 33
fo= =gy (33)

n




and the spacing between them are,
_(n+Dv nv

fo—f W A=Y, (34)
2L 2L 2L
The spead of wave onastringisthe squaeroot of theratio of thetendon, F, to themass

per unit length, Y, so,

f=t R (35)
2L\ u
A more taut string has a highe tengon and so more broadly spaced natura frequendes.
Theargument presented here for a string holdsmore broadly. Objectsthat are

more rigid have a greater spacing between thar natural frequendes and therefore, these
frequendes are less likely to get excited duringacollison. Itishader to ring ther bdl.
So asagened rule, stiffer morerigid objects have a highe COR and more flexible
object have alower COR.
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